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Kernel and Image

@ Letf: V — W be alinear transformation from a vector
space V to a vector space W, and let 0y be the zero
vector of W. We define the kernel of f, denoted ker(f), to
be the set

ker(f) = {x € V|f(x) =0y}
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@ Letf: V — W be alinear transformation from a vector
space V to a vector space W, and let 0y be the zero
vector of W. We define the kernel of f, denoted ker(f), to
be the set

ker(f) = {x € V|f(x) =0y}

@ Theorem 4.9: Let f : V — W be a linear transformation

from a vector space V to a vector space W.

@ Let 0y be the zero vector of V and let 0,y be the zero vector
of W. Then f(0y) = Oy.

@ ker(f) is a subspace of V.

© im(f) is a subspace of W.

Q If f: R"” — R™is a linear transformation defined as
f(X) = AX by a matrix A € Mp n(R), then

ker(f) = NS(A) and  im(f) = CS(A).
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Properties of Linear Transformations

@ Let V and W be vector spaces, andlet f: V — W be a
linear transformation. We define the rank of f to be
dim(im(f)) and the nullity of f to be dim(ker(f)).
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Properties of Linear Transformations

@ Let V and W be vector spaces, andlet f: V — W be a
linear transformation. We define the rank of f to be
dim(im(f)) and the nullity of f to be dim(ker(f)).

@ Theorem 4.13: Let V and W be vector spaces, and let
f: V — W be a linear transformation.

@ s injective if and only if ker(f) = {0y }.

@ If Bis a spanning set for V, then f(B) spans im(f).

@ If fis injective and B is a linearly independent subset of V,
then f(B) is linearly independent.

© If fis injective, then rank(f) = dim V.

@ Ifdim V < oo, then dim V = rank(f) + null(f).
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Properties of Linear Transformations

@ Theorem 4.14: Let V, W, and Z be vector spaces, and let
f:V— Wandg: W — Zbe linear transformations. Then
gof:V — Zis alinear transformation.
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Properties of Linear Transformations

@ Theorem 4.14: Let V, W, and Z be vector spaces, and let
f:V— Wandg: W — Zbe linear transformations. Then
gof:V — Zis alinear transformation.

@ Theorem 4.15: Let V and W be vector spaces, and let
f: V — W be a bijective linear transformation. Then the
inverse function f~1 : W — V is a linear transformation.
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Properties of Linear Transformations

@ Theorem 4.14: Let V, W, and Z be vector spaces, and let
f:V— Wandg: W — Zbe linear transformations. Then
gof:V — Zis alinear transformation.

@ Theorem 4.15: Let V and W be vector spaces, and let
f: V — W be a bijective linear transformation. Then the
inverse function f~1 : W — V is a linear transformation.

@ Let V and W be vector spaces, and f : V — W a bijective
linear transformation. Then f is called an isomorphism of
vector spaces between V and W, and V and W are said to
be isomorphic. We write V = W.
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Properties of Linear Transformations

Theorem 4.17: Let V and W be vector spaces, and let

B ={xy,...,Xn} be abasis of V. Letyy,...,y, € W. There is
a unique linear transformation f : V — W such that f(x;) =y;
for all i. Moreover,

@ fisinjective if and only if {y4,...,yn} is linearly

independent.

© fis surjective if and only if {y4,...,yn} spans W.

© fis anisomorphism if and only if {y4,...,y,} is a basis of
w.
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Properties of Linear Transformations

Theorem 4.17: Let V and W be vector spaces, and let

B ={xy,...,Xn} be abasis of V. Letyy,...,y, € W. There is
a unique linear transformation f : V — W such that f(x;) =y;
for all i. Moreover,

@ fisinjective if and only if {y4,...,yn} is linearly

independent.

© fis surjective if and only if {y4,...,yn} spans W.

© fis anisomorphism if and only if {y4,...,y,} is a basis of
w.

Corollary 4.18: Let V and W be finite dimensional vector
spaces. Then V = W if and only if dim V = dim W.
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Properties of Linear Transformations

Theorem 4.17: Let V and W be vector spaces, and let

B ={xy,...,Xn} be abasis of V. Letyy,...,y, € W. There is
a unique linear transformation f : V — W such that f(x;) =y;
for all i. Moreover,

@ fisinjective if and only if {y4,...,yn} is linearly

independent.

© fis surjective if and only if {y4,...,yn} spans W.

© fis anisomorphism if and only if {y4,...,y,} is a basis of
w.

Corollary 4.18: Let V and W be finite dimensional vector
spaces. Then V = W if and only if dim V = dim W.

In particular, every n-dimensional vector space is isomorphic to
R".
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